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Abstract
The most general four-dimensional non-linear sigma-model, having the second-
order derivatives only and interacting with a background metric and an antisymmetric
tensor field, is constructed. Despite its apparent non-renormalizability, just imposing
the one-loop UV-finiteness conditions determines the unique model, which may be
finite to all orders of the quantum perturbation theory. This model is known as the
four-dimensional Donaldson-Nair-Schiff theory, which is a four-dimensional analogue
of the standard two-dimensional Wess-Zumino-Novikov-Witten model, and whose
unique finiteness properties and an infinite-dimensional current algebra have long
been suspected.
1Supported by the ‘Volkswagen Stiftung’
2 On leave of absence from: High Current Electronics Institute of the Russian Academy of
Sciences,
Siberian Branch, Akademichesky 4, Tomsk 634055, Russia
1 Introduction. The two-dimensional Wess-Zumino-Novikov-Witten (WZNW)
model [1] is the particular non-linear sigma-model (NLSM) whose target space is
a group manifold, and the NLSM torsion to be represented by the WZ term paral-
lelizes the group manifold. The WZNW model is a conformally invariant quantum
field theory and, hence, it is finite to all orders of the quantum perturbation theory. It
possesses on-shell the conserved affine currents which satisfy an infinite-dimensional
affine algebra. 3
It is quite natural to investigate to what extent those nice properties can be gener-
alized to four dimensions, which would allow one to generalize some familiar concepts
of two-dimensional conformal field theory up to four dimensions. Recently, some
progress along these lines was reported by Losev, Moore, Nekrasov and Shatashvili [3].
They mostly discussed the algebraic geometry aspects of a possible four-dimensional
generalization of the WZNW model, while the issues of its renormalization and an-
ticipated UV-finiteness remained open. In this Letter, I investigate the one-loop
renormalization of the general four-dimensional NLSM coupled to a four-dimensional
metric and a two-form, and determine the unique class of models which are one-loop
finite. The relevant NLSM is essentially the one first introduced by Donaldson [4],
and later studied by Nair and Schiff [5] in the context of the three-dimensional Ka¨hler-
Chern-Simons theory.
2 The general action, and the background field method. LetR4 be a four-dimensional
manifold of Euclidean signature, which is parameterized by the coordinates xµ, µ =
1, 2, 3, 4, and is equipped with a metric hµν(x) and a 2-form ω = ωµν(x)dx
µ ∧ dxν ,
ωµν = −ωνµ. Let Φ be a map from R4 to another n-dimensional manifold M, and
Φa, a = 1, 2, . . . , n, be the coordinates on M.
The most general NLSM action which is invariant under the reparametrizations
of both R4 andM, and has only second-order derivatives of the fields Φa, is given by
I[Φ; h, ω] =
1
2λ2
∫
d4x
√
hhµν∂µΦ
a∂νΦ
bgab(Φ) +
κ
2λ2
∫
d4x εµνλρωµν∂λΦ
a∂ρΦ
bbab(Φ) ,
(1)
where the NLSM target space metric gab and a 2-form b = bab(Φ)dΦ
a∧dΦb, bab = −bba,
onM have been introduced. In our notation, dxµ carries dimension one. Accordingly,
the NLSM coupling constant λ is of dimension one too, whereas another coupling
constant κ and all the fields are dimensionless.
In order to make our quantum calculations covariant with respect to the target
space metric, we use the covariant background field method suitable for the NLSM
3See, e.g. ref. [2] for a review.
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[6, 7]. Let ρa(x, s) be the geodesic connecting Φa(x) with Φa(x) + πa(x), such that
ρa(x, s = 0) = Φa(x), ρa(x, s = 1) = Φa(x) + πa(x), and
d2
ds2
ρa + Γabc[ρ]
d
ds
ρb
d
ds
ρc = 0 , (2)
where Γabc are the Christoffel symbols with respect to the metric gab. Let
~ξ be the
tangent vector to the geodesic, i.e.
ξas =
d
ds
ρa , and ξas |s=0 = ξa . (3)
The fields ξa(x) will be considered as the fundamental quantum fields in our theory
whereas Φa, hµν and ωµν as the background fields.
Let us now expand I[Φ + π(ξ)] in terms of the ξ-fields, which ensures that all the
coefficients of the expansion are tensorial quantities on M,
I[Φ + π(ξ)] = I[Φ] + I1 + I2 + . . . , where In =
1
n!
dn
dsn
I[ρ(s)]
∣∣∣∣∣
s=0
. (4)
In practice, it is more convenient to use the derivative D(s) to be defined with the
covariant completion, instead of d/ds, i.e.
D(s)S[ρ] =
d
ds
S[ρ] ,
D(s)Wa[ρ] =
d
ds
Wa[ρ]− ΓcabξbsWc[ρ] ,
D(s)W a[ρ] =
d
ds
W a[ρ] + Γabcξ
b
sW
c[ρ],
(5)
Obviously, if D(s) acts on a tensor function of ρ(s) only, we have D(s) = ξasDa. Here
are some useful identities:
d
ds
∂µρ
a = ∂µξ
a
s ,
d
ds
gab = ξ
c
s∂cgab , D(s)gab = 0 , D(s)ξ
a
s = 0 , (6)
and
D(s)∂µρ
a = (Dµξs)
a , D2(s)∂µρ
a = Rabcd[ρ]ξ
b
sξ
c
s∂µρ
d , (7)
where
(Dµξs)
a ≡ ∂µξas + Γabc[ρ]∂µΦbξcs . (8)
The first term in the expansion (4) (and, hence, all the other) can only be expressed
in terms of the totally antisymmetric field strength (3-form) Habc ≡ 32∂[abbc] of the
potential (2-form) bab if we require the 2-form ω to be closed, after integrating by
parts in the second term of eq. (1). A calculation yields
I1 =
1
λ2
∫
d4x
√
hhµν(Dµξ)
a∂νΦ
bgab(Φ)+
κ
λ2
∫
d4x εµνρλωµν∂ρΦ
a∂λΦ
bξcHabc(Φ) . (9)
3
Similarly, we find
I2 =
1
2λ2
∫
d4x
√
hhµν
[
gab(Dµξ)
a(Dνξ)
b +Rabcd∂µΦ
a∂νΦ
dξbξc
]
+
κ
2λ2
∫
d4x εµνλρωµν
[
2Habc(Φ)∂λΦ
a(Dρξ)
bξc +DbHadc∂λΦ
a∂ρΦ
dξbξc
]
.
(10)
Let V ia (Φ) be the vielbein associated with the NLSM target space metric gab(Φ),
gab(Φ) = V
i
a (Φ)V
j
b (Φ)δij , V
ai = gabV ib . (11)
Then, we can define the new derivative ∇µ (without torsion) as
V ia (Dµξ)
a ≡ (∇µξ)i = (δij∂µ + Aijµ )ξj , (12)
where we have also introduced the vector ξi associated with ξa as follows:
ξi = V iaξ
a , ξa = V aiξi . (13)
It now allows us to rewrite eq. (10) to the form
I2 =
1
2λ2
∫
d4x
{√
hhµν(∇µξ)i(∇νξ)i + 2κεµνλρωµνHaij∂λΦa(∇ρξ)iξj
+(
√
hhµνRaijb∂µΦ
a∂νΦ
b + κεµνλρωµνDiHabj∂λΦ
a∂ρΦ
b)ξiξj
}
,
(14)
where the kinetic terms for the quantum fields ξi have the standard form, thus defining
the usual (R4-covariant) 1/p
2 propagator.
We are now going to redefine the connection in ∇µ to ∇ˆµ, in order to hide in it
the (∇ξ)ξ term appearing in eq. (14). It suffices to take
∇ˆµ ≡ ∇µ +Xµ , (15)
where
X ijµ =
κ√
h
ερλσνhµνωρλ∂σΦ
aH ija . (16)
Finally, we have
I2 =
1
2λ2
∫
d4x
√
h
{
hµν(∇ˆµξ)i(∇ˆνξ)i
+(hµνRaijb + 2κω˜
µνDiHabj + 4κ
2HakiHbkjω˜
µρhρλω˜
λν)∂µΦ
a∂νΦ
bξiξj
}
,
(17)
where we have introduced the dual ω˜ of ω as
ω˜µν ≡ 1
2
√
h
εµνλρωλρ . (18)
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It is straightforward to calculate the other terms in the background-quantum field
expansion (4) at any given order, although no simple reccursion formula is known.
The n-th order term has the structure
In =
1
2λ2
∫
d4x
√
h
{(
hµνΠ
(n,2)
(i1···in)(ab)
+ ω˜µνE
(n,2)
(i1···in)[ab]
)
ξi1ξi2 · · · ξin∂µΦa∂νΦb
+
(
hµνΠ
(n,1)
(i1···in−1)ja
+ ω˜µνE
(n,1)
(i1···in−1)ja
)
ξi1ξi2 · · · ξin−1(∇ˆµξ)j∂νΦa
+
(
hµνΠ
(n,0)
(i1···in−2)(j1j2)
+ ω˜µνE
(n,0)
(i1···in−2)[j1j2]
)
ξi1ξi2 · · · ξin−2(∇ˆµξ)j1(∇ˆνξ)j2
}
,
(19)
where the Π’s and E’s are certain tensors to be constructed in terms of the curvature
Rijkl, the torsion Hijk and the covariant derivatives Dˆi on M, the metric h and the
two-form ω˜ on R4.
4
3 One-loop finiteness conditions and their solution. We are now in a position to
investigate the NLSM one-loop finiteness conditions, since eq. (17) is already suffi-
cient for that purpose. We temporarily put aside the issues of the R4-background
dependence of the quantum effective action and the wave-function renormalization,
i.e. consider on-shell contributions to the NLSM beta-functions first.
As far as the one-loop finiteness is concerned, the (∂Φ)2ξ2 contribution to the I2
has to vanish since, otherwise, it would inevitably contribute to the beta-functions. In
the absence of the second term in the action (1), it would lead to the vanishing NLSM
curvature Rijkl and, hence, to the linear NLSM action. The well-known statement
about the non-renormalizabilty of the standard four-dimensional NLSM is therefore
recovered this way. In the presence of the second term in the action (1), the situation
is different since we now have the two additional resources — the 2-form ω on R4 and
the torsion 3-form H on M — and they both can be adjusted in such a way that a
cancellation between the first and the third terms in front of the (∂Φ)2ξ2 contribution
becomes possible. Clearly, it can only happen if we constrain the two-form ω to satisfy
the equation
hµν = −ω˜µρhρλω˜λν . (20)
Given eq. (20), we still need the relation
Rijkl + 4κ
2HijmHlkm = 0 . (21)
The minus sign in eq. (20) is important since, otherwise, there is no solution (see
eq. (26) below).
4In general, it is not possible to express the full expansion solely in terms of the generalized (with
torsion) curvature Rˆ and the generalized (with torsion) covariant derivative Dˆi, i.e. without an
explicit appearance of the torsion H .
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The second term in front of the (∂Φ)2ξ2 in eq. (17) has to vanish separately, since
it represents an independent structure. It adds another condition,
DiHjkl = 0 , (22)
i.e. the torsion on M has to be covariantly constant.
The remaining contribution to the I2 now amounts to the minimal coupling of
the quantum ξ-fields to the external composite gauge field Xµ. Because of the gauge
invariance, the on-shell invariant counterterms are to be constructed in terms of the
generalized field strength and its covariant derivatives. In the case under considera-
tion, the one-loop finiteness requires a parallelizablemanifoldM. The parallelizability
condition for the generalized curvature Rˆijkl is also sufficient since it is equivalent to
eqs. (21) and (22) at the certain value of the real parameter κ (see below).
Since the only parallelizable manifolds are group manifolds and seven-sphere, we
have to choose our torsion to be represented by the group structure constants, 5
Hijk = fijk , (23)
which automatically fulfils the condition (22). Indeed, for a group manifold, the
vielbein is known to satisfy the Maurer-Cartan equation
∂V ia
∂Φb
− ∂V
i
b
∂Φa
+ 2f ijkV ja V
k
b = 0 , (24)
whereas both the torsion and the curvature components, Hijk and Rijkl, are all con-
stants. Taking into account the explicit formula for the group curvature in terms of
the structure constants, 6
Rijkl = −fmij fmkl , (25)
eq. (21) amounts to the relation
4κ2 = 1, or κ = ±12 , (26)
which determines the dimensionless parameter κ up to a sign. The dimensionful
coupling constant λ remains arbitrary, and it does not play an essential role in our
considerations.
The crucial equation (20) has very simple geometrical meaning. Let us define the
new tensor
ω˜µρhρλ ≡ Jµλ . (27)
5The case of the seven-sphere deserves a separate study, and it is not considered here.
6 We assume that our group is semi-simple and compact, for simplicity.
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Eq. (20) can now be rewritten to the form
JµλJ
λ
ρ = −δµρ , (28)
i.e. J is nothing but an (almost) complex structure on R4 ! Eq. (27) also implies that
Jµν is antisymmetric, which means that R4 has to be a hermitian manifold. Note
that the one-loop finiteness conditions do not imply ∇µJλρ = 0 or ∇ˆµJλρ = 0, so that
R4 does not necessarily need to be a Ka¨hler manifold. If, however, R4 is Ka¨hlerian,
then the closure of ω follows automatically.
To summarize, the one-loop on-shell finiteness conditions for the four-dimensional
NLSM of eq. (1) are:
(i) the four-dimensional ‘spacetime’ R4 has to be a hermitian manifold, equipped with
a closed two-form ωµν defined by eq. (24), i.e. dual to J
µν ;
(ii) the NLSM target space manifoldM has to be a parallelizable group manifold (or,
maybe, a seven-sphere).
The alternative derivation of the one-loop counterterm for the theory (17) can be
performed by the (generalized) Schwinger-de Witt method [8]. The relevant action
(17) can be represented in the form
I2 =
1
2λ2
∫
d4x
√
h ξiFˆij(∇ˆ)ξj , (29)
where the minimal second-order differential operator Fˆ (∇ˆ) can be easily read off from
eq. (17). It is now straightforward to extract the one-loop counterterm for our case
from the general results of ref. [8]. Having used dimensional regularization with the
regularization parameter 2ǫ = 4− d, we find
−1
2
Tr ln Fˆ (∇ˆ)
∣∣∣∣
div.
=
i
32π2ǫ
∫
d4x
√
h tr
{
1
180
(
RµνλρR
µνλρ −RµνRµν +✷R
)
1ˆ
+12 Pˆ
2 + 112RˆµνRˆµν + 16✷Pˆ
}
,
(30)
where Pˆ just represents the (∂Φ)2 term in eq. (17), whereas the generalized gauge
field-strength Rˆ2 is proportional to the generalized curvature with torsion.
Eq. (30) actually tells us something more, namely, the dependence of the one-
loop counterterm from the four-dimensional background ‘spacetime’ metric gµν also.
Because of the Gauss-Bonnet theorem valid in four dimensions, the curvature-squared
term is reducible to the Ricci-tensor-dependent terms. Hence, in order to cancel all
the R4 background curvature dependent terms in the one-loop counterterm, it is
necessary and sufficient to impose the Ricci-flateness condition on the R4 .
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As regards possible (non-linear) field-renormalization effects, they should not be
relevant for our results. As far as a NLSM is concerned, there exists a quantum field
parametrization in which the field renormalization is absent (since we were not impos-
ing any restrictions on allowed quantum field parametrizations, the parametrization
required is just the one determineed by actual renormalization) [7].
For any complex manifold R4 one can choose complex coordinates (z
i, z i¯), where
z i¯ = (zi)∗ and i = 1, 2, in such a way that the complex structure J takes the canonical
constant form. Given such complex coordinates, the action (1) with M = G takes
the form of the Donaldson-Nair-Schiff (DNS) action [4, 5]
IDNS[g] = − i
4π
∫
R4
ω ∧ tr(g−1∂g ∧ g−1∂¯g) + i
12π
∫
R5
ω ∧ tr(g−1dg)3 , (31)
where we have introduced R5 = R4 ⊗ [0, 1] and the G-valued fields 7
g(x) = exp
[
iΦi(x)ti
]
. (32)
In accordance with the one-loop finiteness conditions, the 2-form
ω =
i
2λ2
hij¯dz
i ∧ dzj¯ (33)
has to be closed. If R4 is a Ka¨hler manifold, there exists the natural 2-form ω which
satisfies all our conditions – the so-called Ka¨hler form [9].
4 All-loop finiteness of the DNS action ? To prove the all-loop (on-shell, or
S-matrix) finiteness of the DNS action, let us return back to the background field
expansion specified by eqs. (4) and (19). Under the conditions (i) and (ii) given in
sect. 3, only the last terms in the third line of eq. (19) survive, i.e.
Π(n,2) = Π(n,1) = E(n,2) = E(n,1) = 0 , (34)
the non-vanishing tensors Π(n,0) and E(n,0) being the products of the group struc-
ture constants [7]. Eq. (34) means, in particular, that all the ∂Φ dependence in the
background-quantum field expansion (4) can be hidden inside the covariant deriva-
tives (with torsion). Then, as far as the l-loop counterterms are concerned, the ∂Φ-
dependent contributions can only show up via the generalized field strength which
is vanishing in our case. Hence, no covariant counterterms actually appear mod-
ulo the ones coming from the vacuum diagrams and depending upon the ‘spacetime’
7The generators ti of the Lie algebra of G with the structure constants fijk satisfy the relations
⌊⌈ti, tj⌋⌉ = 2if ijktk and tr(titj) = 2δij .
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metric only. The rigorous finiteness proof would require taking into account pos-
sible non-covariant divergences, if any. I believe that they all can be removed by
a wave-function renormalization. Finally, in order to make sure of the absence of
one-loop vacuum divergences. we already know that our complex ‘spacetime’ should
be Ricci-flat. If it is also a Ka¨hlerian manifold, it is then a hyper-Ka¨hlerian one.
It is the well-known theorem in four dimensions that any hyper-Ka¨hlerian manifold
is actually self-dual [14]. But, for the self-dual four-dimensional backgrounds there
can be no vacuum counterterms at all ! It can be proved e.g., by using the gravi-
tational background field expansion for the self-dual gravity [10], or by invoking the
relation which exists between the self-dual gravity and critical N=2 strings [11, 2].
The self-dual gravity is the exact effective field theory of the closed N=2 strings in
four dimensions, 8 while all the N=2 string scattering amplitudes with more than
three legs vanish [12]. Therefore, there cannot be any renormalization of the self-dual
gravity in four dimensions, at any loop order.
Above, both the Ricci-flatness and the Ka¨hlerness conditions for R4 were explicitly
used. It may well be possible to require only the Ricci-flatness for the hermitian
‘spacetime’, in order to get rid of the vacuum divergences, after switching to the
(N=1) supersymmetric version of the theory. I believe that the DNS action can be
supersymmetrized up to N = 4.
The connection of the DNS action to the theory of N=2 strings becomes explicit
when considering the equations of motion following from the action (31):
ω ∧ ∂¯(g−1∂g) = 0 . (35)
These equations describe the coupling of the self-dual gravity to be represented by ω
to the principal NLSM fields associated with the self-dual Yang-Mills theory. Indeed,
the so-called Yang equations ∂¯(g−1∂g) = 0 following from eq. (35) are known to be
equivalent to the self-dual Yang-Mills equations in a particular gauge [13]. Since
the self-dual Yang-Mills theory is the exact effective field theory for the open N=2
strings, 8 eq. (35) can be interpreted as the exact effective equation describing the
interaction of open and closed N=2 strings. Invoking now the vanishing theorems
for the open and closed N=2 string amplitudes, an anticipated finiteness of the DNS
theory does not seem to be very surprising.
5 Conclusion. A possible finiteness of the DNS theory is consistent with its clas-
sical integrability (the Yang equations are solvable like that of the self-dual Yang-
Mills !). After an explicit ‘space-time’ splitting of the Euclidean manifold R4 =
8Perhaps, modulo non-perturbative N=2 string corrections.
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R3 ⊗ R1, and introducing the phase space {P i(x), g(x)} for the theory (31), where
the momenta P i are defined with respect to the symplectic form [3]
Ωω =
∫
R3
tr
[
δP ∧ g−1δg − (I + 14piω ∧ g−1dg)(g−1δg)2
]
, (36)
one finds the commutation relations
⌊⌈P i(x), P j(y)⌋⌉ω = fkij(I + 14piω ∧ g−1dg)kδ(3)(x− y) ,
⌊⌈P i(x), g(y)⌋⌉ω = g(y)tiδ(3)(x− y) .
(37)
The infinite-dimensional symmetry algebra of the DNS theory can now be elegantly
expressed in terms of the charges
Q(ε) =
∫
R3
εi
[
I i − 14piω ∧ (g−1dg)i
]
, (38)
where the Lie algebra-valued functional parameters εi(x) have been introduced. The
charges Q(ε) satisfy the algebra [3]
{Q(ε1), Q(ε2)} = Q(⌊⌈ε1, ε2⌋⌉) +
∫
R3
ω ∧ tr(ε1dε2) , (39)
which is the four-dimensional analogue of the affine algebra in the WZNW theory.
Given such remarkable properties of the DNS theory, there should exist its free
field representation to be obtained by a field redefinition of the fields g(x), which
is yet to be found. Also, I expect the DNS action to be connected to a theory of
2 + 2 dimensional membranes, or the M-theory. Even if the DNS theory is not finite
beyond one loop, its supersymmetric version may appear to be finite to all orders.
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